ABSTRACT. Let R be a commutative ring and M be an R-module, and let Z(M) be the set of all zero-divisors on M. In 2008, D. F. Anderson and A. Badawi introduced the regular graph of R. In this paper, we generalize the regular graph of R to the M-regular graph of R, denoted by M-Reg(Γ(R)). It is the undirected graph with all M-regular elements of R as vertices, and two distinct vertices x and y are adjacent if and only if x + y ∈ Z(M). The basic properties and possible structures of M-Reg(Γ(R)) are studied. We determine the girth of the M-regular graph of R. Also, we provide some lower bounds for the independence number and the clique number of M-Reg(Γ(R)). Among other results, we prove that for every Noetherian ring R and every finitely generated module M over R, if 2 / ∈ Z(M) and the independence number of M-Reg(Γ(R)) is finite, then R is finite.
Introduction
Let R be a commutative ring, Z(R) be the set of zero-divisors of R and Reg(R) = R\Z(R). There are many papers on assigning a graph to an algebraic structure, see [1] [2] [3] [4] [5] [7] [8] [9] [10] [11] [12] . In [3] , Anderson and Badawi introduced the regular graph of R, denoted by Reg(Γ(R)), as the (undirected) graph with vertices Reg(R) and for distinct x, y ∈ Reg(R), the vertices x and y are adjacent if and only if x + y ∈ Z(R). In [2, 3] some properties of Reg(Γ(R)) have been studied. In this paper, we generalize Reg(Γ(R)) to M -Reg(Γ(R)), the M -regular graph of R, where M is an R-module.
Throughout the paper, all rings are commutative with non-zero identity and all modules unitary. Let M be a module over a ring R. An element x ∈ R is 2010 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 05C25, 05C69, 13A99, 13C99. K e y w o r d s: M-regular graph, M-total graph, commutative ring, module, girth, independence number.
called a zero-divisor on M , if there exists a non-zero m ∈ M such that xm = 0, and otherwise x is called M -regular. We denote the set of zero-divisors on M by Z(M ).
As usual, Z and Z n will denote the integers and integers modulo n, respectively. Also, Nil(R) denotes the ideal of all nilpotent elements of R. A ring R with Nil(R) = 0 is called reduced. We denote the characteristic of R by char R.
A graph in which each pair of distinct vertices is joined by an edge is called a complete graph. We denote the complete graph on n vertices by K n . A bipartite graph is one whose vertex set can be partitioned into two subsets X and Y so that each edge has one end in X and one end in Y . A complete bipartite graph is a bipartite graph with two partitions X and Y in which every vertex in X is joined to every vertex in Y . The complete bipartite graph with two partitions of size m and n is denoted by K m,n . Let G be a graph. The set of vertices and the set of edges of G are denoted by V (G) and E(G), respectively. A subgraph H of G is said to be an induced subgraph of G if it has exactly the edges that appear in G over V (H), and if we set
The neighborhood of a vertex x in G is the set of vertices adjacent to x and is denoted by N G (x). Suppose that x, y ∈ V (G). We recall that a walk between x and y is a sequence A cycle of G is a path such that the start and end vertices are the same. The girth of G, denoted by gr(G), is the length of a shortest cycle in G (gr(G) = ∞ if G contains no cycles). A clique in G is a set of pairwise adjacent vertices, and a set in G whose no two vertices are adjacent is called an independent set. The clique number and the independence number of G, denoted by ω(G) and α(G), are the order of the largest clique and the order of the largest independent set in G, respectively. Also, the chromatic number of G, denoted by χ(G), is the minimal number of colors which can be assigned to the vertices of G in such a way that every two adjacent vertices have different colors.
In this paper, the girth of the M -regular graph of R is determined. Also, we provide some lower bounds for ω(M -Reg(Γ(R))) and α(M -Reg(Γ(R))). Among other results, we show that for every Noetherian ring R and every finitely gen- 
Example 2.4º It is easy to check that Z 2 -Reg(Γ(Z)) is a complete graph and 
(1) We first note that
is a complete subgraph of M -Reg(Γ(R)). Now we show that distinct cosets form disjoint subgraphs of M -Reg(Γ(R)). If x + z 1 and y + z 2 are adjacent for some y ∈ Reg(M ) and
, and hence 2 ∈ Z(M ) or x ∈ Z(M ), a contradiction. Thus no two distinct elements in x + Z(M ) are adjacent. Clearly, the two cosets x + Z(M ) and −x + Z(M ) are disjoint, and each element of
By the above theorem, it is clear that when Z(M ) is an ideal of R, we have gr(M -Reg(Γ(R))) ∈ {3, 4, ∞}, and also gr(M - 
Now, we study the girth of M -Reg(Γ(R)) whether Z(M ) is an ideal of R or not.
Ì ÓÖ Ñ 2.7º Let R be a commutative ring and let M be a non-zero R-module.
(1) Suppose that char R = 2 and M -Reg(Γ(R)) contains a cycle C. If R contains a 0 = u ∈ Nil(R), then C contains two distinct vertices x, y ∈ Reg(M ) such that x + y ∈ Z(M ) and x + y = u. Thus by Remark 2.6,
We consider the following cases. Ì ÓÖ Ñ 2.8º Let R be a commutative ring and let M be a non-zero R-module. (and d(0, 1) ≥ n) . Conversely, assume that (Z(M )) = R. Let x and y be distinct elements in R. We show that there exists a path between x and y in M -T (Γ(R)). Let 1 = z 1 + · · · + z n for some z 1 , . . . , z n ∈ Z(M ), and let w = y + (−1) n+1 x. Set b 0 = x and
Then M -T (Γ(R)) is connected if and only if
and thus
walk between x and y in M -T (Γ(R)). Therefore, we conclude that there is also a path between x and y in M -T (Γ(R)) (with length at most n). So M -T (Γ(R)) is connected. Now, the last part is clear.
ÓÖÓÐÐ ÖÝ 2.9º Let R be a commutative ring and M be a non-zero R-module, and suppose that M -T (Γ(R)) is connected.
( Since Nil(R) is always an ideal of R, by Remark 2.6, we have the next theorem.
Ì ÓÖ Ñ 2.10º Let R be a commutative ring and let M be a non-zero R-module.
(
(1) Assume that 2 ∈ Z(M ), and let x ∈ Reg(M ). By Remark 2.6, each coset
(2) Next assume that 2 / ∈ Z(M ), and let x ∈ Reg(M ). Then no two distinct elements in x + Nil(R) are adjacent since (x + u 1 ) + (x + u 2 ) ∈ Z(M ) for u 1 , u 2 ∈ Nil(R) implies that 2x ∈ Z(M ) (by Remark 2.6), and hence 2 ∈ Z(M ), a contradiction. Thus x + Nil(R) is an independent set in M -Reg(Γ(R)), and
Moreover, if R is Noetherian and M is finitely generated, we have the following theorem. R) ) and S be an independent set in G of size α(G). So every element in Reg(M )\S is adjacent to at least one element of S. Since S is finite, there is an element
Ì ÓÖ Ñ 2.11º Let R be a commutative Noetherian ring and let M be a (nonzero) finitely generated R-module such that 2 / ∈ Z(M ). If α(M -Reg(Γ(R))) is finite, then R is finite.
With no loss of generality, we may assume that
Suppose that y, w ∈ Y 1 . Then y + x 1 ∈ P 1 and w + x 1 ∈ P 1 imply that y − w ∈ P 1 . Now if y + w ∈ P 1 , then 2y ∈ P 1 , a contradiction. So y + w / ∈ P 1 . Let S 1 be an independent set in G 1 of size α(G 1 ). Again since S 1 is finite, there is an element
is infinite, and since
Similarly, for every y, w ∈ Y 2 , we have y + w / ∈ P 2 , and so
We have the next theorem in the case when M -Reg(Γ(R)) is a complete graph.
Ì ÓÖ Ñ 2.12º Let R be a commutative ring and let M be a non-zero R-module
P r o o f. To the contrary, suppose that u ∈ Nil(R) and u = 0. Thus 1 and 1 + u are distinct elements of Reg(M ), and since M -Reg(Γ(R)) is a complete graph, 2 + u ∈ Z(M ). So by Remark 2.6, 2 ∈ Z(M ), a contradiction.
Let U (R) be the group of units of R. From the above theorem, we have the following immediate result.
ÓÖÓÐÐ ÖÝ 2.13º Let R be a commutative ring and 2 ∈ U (R). If R contains a non-zero nilpotent element, then M -Reg(Γ(R)) is not complete for each nonzero R-module M .
We close this section with a theorem about a subgraph of M -Reg(Γ(R)). Let H be a spanning subgraph of M -Reg(Γ(R)) in which two distinct vertices x, y are adjacent if and only if x + y ∈ Nil(R). Then we have the following theorem.
Ì ÓÖ Ñ 2.14º Let R be a commutative ring and let M be a non-zero R-module (2) of Theorem 2.10, we showed that no two distinct elements in x + Nil(R) are adjacent. Also, the two cosets x + Nil(R) and −x + Nil(R) are disjoint, and each element of x + Nil(R) is adjacent to each element of −x + Nil(R). Thus (x + Nil(R)) ∪ (−x + Nil(R)) is a complete bipartite (induced) subgraph of H. Furthermore, if y + u 1 is adjacent to x + u 2 for some y ∈ Reg(M ) and u 1 , u 2 ∈ Nil(R), then x + y ∈ Nil(R), and hence y + Nil(R) = −x + Nil(R). Thus H is a disjoint union of (induced) subgraphs (x + Nil(R)) ∪ (−x + Nil(R)), each of which is a K β,β , where
Further properties of M -Reg(Γ(R))
In this section, some results for M -Reg(Γ(R/I)), as well as for M S -Reg(Γ(R S )), are established, where I is an ideal of R and R S and M S are the ring of fractions of R and the module of fractions of M , respectively. First we have the following theorem.
Ì ÓÖ Ñ 3.1º Let R be a commutative ring and M be a non-zero R-module, and let I be an ideal of R such that IM = 0.
P r o o f. Let x ∈ R and a ∈ I. Since IM = 0, it is easy to see that, x ∈ Z(M ) if and only if x + a ∈ Z(M ). Now, suppose that x is an element of Reg(M ) and a, b are two distinct elements of I.
( Let S be a multiplicatively closed subset of a commutative ring R, and let M be an R-module. We denote the ring of fractions of R and the module of fractions of M (with respect to S) by R S and M S , respectively. Let S = Reg(M ). If we regard M S as an R-module, it is easy to see that Z(M ) = Z(M S ), and so M -Reg(Γ(R)) is the same as M S -Reg(Γ(R)). Also, we have the following theorem. Therefore M S -Reg(Γ(R S )) is connected and diam(M S -Reg(Γ(R S ))) ≤ diam(M -Reg(Γ(R))).
